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1 Introduction 

Atiyah has demonstrated that rational cohomology of a compact Hausdorff 
space can be defined in terms of A-theory. This is made possible by the 
existence of a Chern character 

chj : K j {X) -> H ev/odd (X- Z), j = 0, 1. 

As in P- 142] (see also p2 , Sec. 6.2]), this map is a rational isomorphism: 



(1.1) ch 3 ® z 1 : K j (X) ® z Q ^ H ev/odd (X; Q). 

When X is a compact smooth manifold, the value of the Chern character 
on a A-theory class represented by a bundle E can be computed explic- 
itly in terms of an inhomogeneous differential form whose components are 
(up to factors) exterior powers of the curvature of E . Thus, for instance, 
information about A-theory of X may be obtained by pairing the cohomol- 
ogy class represented by the Chern character with closed de Rham currents. 
There is now a construction, due to Gorokhovsky [|l!| , which provides explicit 
formulae for the classical Chern character of a compact Hausdorff space X 
in terms of Alexander-Spanier cocycles. In the case when A is a compact 
smooth manifold, both ways of computing the Chern character coincide. 

Connes created a Chern character from A-homology of an algebra A, 
defined in terms of abstract elliptic operators, with values in cyclic cohomol- 
ogy H, Chap. I]. He also provided a key idea for the construction of a dual 
Chern character from the A-theory of A, defined in terms of analogues of 
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vector bundles, with values in cyclic homology [f|, Chap. II, Prop. 14]. The 
two characters are compatible with the index pairing between if-homology 
and if -theory of the algebra A. 



These groundbreaking ideas were developed by a number of authors |14 



Hj| . |Hj , |H5| and completed by Cuntz and Quillen who provided explicit formu- 



lae for Chern characters with values in periodic cyclic homology |10|| . More 
recently, Cuntz constructed a universal bivariant kk -functor and a compati- 
ble Chern character whose target is the bivariant periodic cyclic cohomology 
of Cuntz and Quillen 0] . 

An important application of these constructions is provided by a proof 
of the Baum-Connes conjecture for the p-adic group GL{n) [||. There, 
Chern characters were used to obtain information about the Baum-Connes 
assembly map. For a locally compact group G the Baum-Connes map is an 
index map from the universal example of proper G actions to the if-theory 
of the reduced C* -algebra C*(G). 

In this paper we construct a Chern character 

(1.2) ch : K*(C*(G)) -> HP*(S(G)) 

where S(G) is the Schwartz algebra of the p-adic group GL(n). We then 
prove that this map is an isomorphism after tensoring over Z with C . The 
first step in our construction is to adapt the formula of Cuntz and Quillen 
to the context of Frechet algebras. It turns out that this translation is 
very natural in the case when the Frechet algebra under study is a dense 
subalgebra of a C* -algebra which is stable under holomorphic functional 
calculus. The Schwartz algebra S(G) is defined as the strict inductive limit 



of nuclear Frechet algebras S(G/ /K) which satisfy this property fll3| , p. 93]. 

Using explicit formulae provided by the connection-curvature computa- 
tion of the Chern character in the Chern- Weil theory and Gorokhovsky's 
results in the topological case we compare the map of Cuntz and Quillen 
with the classical Chern character in algebraic topology. Ultimately our re- 
sult that the Chern character ( |1.2| ) is an isomorphism after tensoring with C 
follows from the fact that the classical Chern character is a rational isomor- 
phism as stated in (|Lip. 

2 Frechet algebras and the Chern character 
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Cuntz and Quillen provide explicit formulae jnj for Chern character maps 
chcQ '■ K*{A) — > HP*(A) from the i^-theory of a unital algebra A to its 
periodic cyclic homology. The goal of this section is to adapt their results 
to the context of Frechet algebras and to show how these maps compare, in 
the case of the algebra of smooth functions on a manifold, with the Chern 
character given by the Chern- Weil theory. 

By a Frechet algebra we will understand a locally multiplicatively convex 
Frechet algebra over C. That is, a Frechet algebra is a complete metriz- 
able topological algebra whose topology is given by a countable family of 
submultiplicative seminorms. 

.fT-theory for Frechet algebras was constructed by Phillips ||20|| . Any 
definition of K*(A) requires a suitable choice of stabilization of A. In the 
case of Banach or C* -algebras one uses infinite matrices over A with finitely 
many nonzero entries, that is the direct limit \J n M n (A) of the natural direct 
system of matrix algebras M n (A) of increasing size. This approach is not 
suitable for a general Frechet algebra, see |20], Section 2] for a full discus- 
sion. It turns out that the stabilization of A best adapted to the definition 
of if -theory for Frechet algebras is given by S(Z 2 ) <g> A, where S(Z 2 ) is 
the algebra of rapidly decreasing functions on Z 2 . However, there is a sig- 
nificant simplification in the case of algebras which are dense subalgebras 
of C* -algebras, stable under holomorphic functional calculus and which are 
Frechet algebras in a finer topology. All Frechet algebras considered in 
this paper are of this kind unless stated otherwise. In this case Phillips 
proves that the if -theory can be defined in the following familiar way [pO 



Def. 7.1, Cor. 7.9]. For a unital Frechet algebra A, K (A) is defined as 
the Grothendieck group of the semigroup of isomorphism classes of finitely 
generated projective modules. Thus a class in K (A) can be represented by 
a projection in M n (A) , for some n. Moreover, projections in the class of a 
projection e are homotopic to e. Let GL n (A) denote the group of invertible 
n x n matrices, and let GL n (A)o be the path component of the identity. 
We define K X (A) = limGL n (A)/GL n (A) . For nonunital algebras if;( A) 
is defined as the kernel of the map from Ki(A) to ifj(C), where A is the 
unitization of A. 

Cyclic type homology theories of a complex algebra A, for example 
Hochshild, cyclic and periodic cyclic homology, are computed using a mixed 
complex (fL4, b, B) associated with the algebra A |§ . The universal dif- 
ferential graded algebra QA is generated by the algebra A and the sym- 
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bols da, a G A, which are linear in A and satisfy the Leibniz identity 
d(ab) = d(a)b + adb for any a, b G A. In degree n, the space of n- 
forms Q n A is spanned by the elements a dai . . . da n . As a vector space, 
tt n A = A <g> (A/C)® n . The differential b : fi n A -> fi n "M is defined in pos- 
itive degrees by b(ujda) = (— [a;, a] , where |a;| is the degree of the form 
tu. In degree zero we put b equal identically zero. The degree +1 differen- 
tial B : Vt n A — > Vt n+l A is defined by B = I]™ =0 ft*<i, where k is the degree 
zero Karoubi operator: n(ujda) = (-l)^da ■ cu . The two operators b and B 
anticommute and are of square zero: 

b 2 = Bb + bB = B 2 = 0. 

For a locally convex algebra A one must choose a suitable topological tensor 
product to use in the definition of the differential graded algebra QA. In 
this paper we choose the completed inductive tensor product £g> as in ||, to 
which we refer the reader for further details. Thus, for all n > 0, Q n (A) = 
A®(A/C)® n . The differentials b and B are continuous in this topology. 

Let A be a unital locally convex algebra over C. By definition, the 
Hochschild homology of A is 

HH*(A) =H*(SlA,b). 

The periodic cyclic homology HP*(A) of A is the homology of the Z/2Z- 
graded complex 

...^n n2n ( A ) ^ n n 2n+i (A) ^4 n ^ 2n (^) ^ . . . 

n>0 n>0 n>0 

Let A be a unital Frechet algebra. Let [e] G Kq(A) be the .fT-class of 
an idempotent matrix e G Mk(A) over A. Then the even Chern character of 
Cuntz and Quillen assigns to [e] an even class in the periodic cyclic homology 
of A represented by the even periodic cycle 

(2.1) ch CQ : e ^ Tre + ]T ^Tr (Y(e - J) de 2n ) G Q ev A. 

n>l U - ^ ^' ' 

Here Vt ev A = n„> ^ 2n ^- 
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In the odd case, let us assume that a class [g] G K\(A) is represented by 
an invertible matrix g G GLk(A). The odd Chern character maps the class 
[g] to the odd periodic cyclic homology class represented by the odd cycle 

(2.2) ch CQ :g^J2 n\Tr{g- l dg{dg- l dg) n ) 

n>0 

in Q odd (A) = J\ n > Q ^l 2n+l A. 

This Chern character is compatible with algebra homomorphisms in the 
sense that a homomorphisms : A — > B of algebras gives rise to the com- 
mutative diagram 

K,(A) ^ HP*(A) 

J J> 

K m (B) ^ HP*{B) 

This map is compatible with Morita equivalence in the following sense. There 
is a similar diagram in which B is replaced by the matrix algebra M n (A) 
and where vertical arrows are isomorphisms. 

The formula of Cuntz and Quillen works for any Frechet algebra, com- 
mutative or not. Its main strength lies in the fact that it can be adapted to 
coincide with the classical Chern character known from algebraic topology 
or the Chern character defined for smooth manifolds using the Chern- Weil 
theory. To make a comparison of the Chern character of Cuntz and Quillen 
with the one known from the Chern- Weil theory, let us recall the main points 
in the construction of the latter map. 

Let £ be a complex vector bundle over a compact smooth manifold M 
and let V be a connection on E. The curvature R of V is an EndE-valued 
two- form on M . Then Tr exp(R/2ni) is an inhomogeneous even exact form 
on M. The component of degree 2k represents a class in Hj^(M). With 
this understood, the even Chern- Weil character is the map 

(2.3) chew : [E] ~ [Tr exp(i?/2«)] G H%(M) = H%(M), 

n>0 

where [E] G K°(M) is the ^-theory class represented by the bundle E. 

In the odd case, we assume that a class in K 1 (M) is represented by an 
invertible matrix g G GL n (C°°(M)) . The odd Chern character is defined by 
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the formula p. 491] 

r n 



(2.4) chew : [g] -> £ 



n>0 



-l) n 7 \ — r~ wTr((5 _1 ^) 2n+1 ; 

; (27ri) n (2n + 1)! uy y; ; 



which takes values in H$(M) = © n > i^ +1 (M) . 

2.5 Remark. The factors (2ni)~ n in the two formulae above are used 
in algebraic topology to ensure that the Chern characters represent integral 
classes in cohomology of M. This plays a crucial role, for instance, in the 
index theorems of Atiyah and Singer. 

When A is the algebra A = C°°(M) of smooth functions on a smooth 
compact manifold M the Cuntz-Quillen maps ( |2.1| ) and ( |2.2| ) coincide with 
( |2.3| ) and ( |2.4| ) as we now show. 

Let us denote by (SIM, d) the complexified de Rham complex of the 
manifold M . The universal property |J of the differential graded algebra 
SI A implies that there is a natural surjection of mixed complexes 

fi : (04, b, B) -> (fiM, 0, d) 

which sends a noncommutative ra-form f°df 1 ■ • • rf/ n to the differential form 
(l/n!)/ ^/ 1 A ... A df n . This map induces an isomorphism of all cyclic type 
homology theories associated with the two mixed complexes if the algebra A 
satisfies the Hochschild-Kostant-Rosenberg theorem 

HH*(A) = H*(ttA,b) = SIM. 

A crucial result of Connes' shows that this is true for A = C°°(M). In 
particular we have in this case that HP ev / odd (A) ~ H^( oM (M) . 

The map \i thus induces a map fi : HP ev / oc id{A) —>■ H d v J odd (M). The de 
Rham cohomology groups are C-modules with the natural action X[u] = [Xuo] 
for any A G C . We use this fact to define the scaling map 

c„ : H n (M) -> H n (M) 

which for n = 2k multiplies by l/(27u) fc and for n = 2k + 1 by 1 / (27ri) fc+1 . 
We let c : n if n (M) — > 0if n (M) be the map whose component in degree 
n is c n . It is clear that c is an isomorphism of C-modules. Let \i c = co /j,. 

The comparison of the two Chern characters is established by assembling 
various known results which we recall here for future reference. 
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2.6 Proposition. Let M be a smooth compact manifold and let A = C°°(M) 
be the algebra of smooth functions on M . The following diagram commutes 

K*(A) C -^S HP*{A) 

[ss L c 
K *(M) H e d f M (M) 

where the left vertical arrow is the isomorphism given by the Serre-Swan 
theorem. 

Proof. In the even case, the Serre-Swan map sends a projection e G Mk(C°°(M)) 
to the bundle E = e6 k , where 9 k is the trivial complex rank-/c bundle on M . 
The trivial bundle 9 k is equipped with the canonical connection d, which is 
just the de Rham differential. The subbundle E of 6 k is then equipped with 
the induced Grassmannnian connection 

D — e ■ d ■ e 

which acts on sections of E . A typical section of E is of the form ef , where 
/ G C°°(M, C k ) is a section of the trivial bundle 9 k . The curvature of this 
connection is (cf. [^TJ, p. 223]) R = e(de) 2 . Moreover, e(de) 2 = (de) 2 e so that 
R k = e(de) 2k . Hence the Chern character of the sub-bundle E is 

ch(E) = exp(i?/2vr.) = ^-^-L^ e (de) 2n 

where the power on the right is taken using the exterior product of forms. 

The commutativity of the diagram in the even case is now established 
using that p. 435] 

fi c ch CQ ([e}) = £ — \- Tr(e(de) 2n ) = ch cw (SS[e]) 
n >o K^i) n. 

The odd case follows once we notice that [|l(], p. 436] 

^M=E (2 „ ) ..; ! n . + i)! ^ (to "^ 2 ' , " ) - 
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3 The Schwartz algebra of GL(n) 

Let F be a nonarchimedean local field and let G = GL(n) = GL(n,F). 
Let K be a compact open subgroup of G. We define S(G//K) to be the 
algebra of all complex-valued functions on G which are rapidly decreasing 
and i^-bi-invariant, with product given by convolution. 

3.1 Lemma. For every compact open subgroup K of G the algebra S(G/ / K) 
is an m -convex Frechet algebra. 

Proof. Mischenko's Fourier transform [|18j provides the following isomorphism 
of locally convex algebras 

(3.2) S(G//K) ~ 0[C°°(EndF(M : K))] W M 

M 

where F(M : K) — > X(M : K) is a complex, Hermitian, trivialized W(M)- 
bundle over a compact manifold X(M : K). The group W(M) is a finite 
reflection group and M is a Levi subgroup. One Levi subgroup is chosen 
in each conjugacy class of G; in particular, the sum on the right is finite. 
Each direct summand on the right is a subalgebra of the algebra C°°(X(M : 
K)) (g>M n (C) of matrix-valued smooth functions on X(M : K) . The algebra 
C°°(V) of smooth functions on a compact smooth manifold V is an m- 
convex Frechet algebra. Indeed, for every natural number n we put p n {f) = 
sup{|«| < n, x G V | \d a f(x)\} and define 

n 

Qn(f) = Y,~Mf) 
i=0 l - 

The seminorms q n are submultiplicative. 

The matrix algebra M n (C) is equipped with the Hilbert-Schmidt norm 
| || 2 , which is submultiplicative. 

The algebraic tensor product C°°(X(M : K)) <g> M n (C) is topologised 
by submultiplicative seminorms q n <8> || || 2 an d so is an m-convex Frechet 
algebra. This remark combined with Mischenko's isomorphism shows that 
S(G/ /K) is an m-convex Frechet algebra for every compact open subgroup 
K of G. ■ 
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Following Harish- Chandra [ I3|, p. 93], the Schwartz algebra of G is defined 
as the strict inductive limit of the algebras S(G/ /K), that is 

S(G) = UmS(G//K) =\JS(G//K). 

* K 

Choose a left-invariant Haar measure on G. Then L l (G) acts on L 2 (G) by 
convolution 

\(f)h = f*h, 

for / G L l (G) and h G L 2 (G). The reduced C*-algebra C*(G) is the closure 
of A(L 1 (G)) in the C* -algebra of bounded operators on L 2 (G). 
In this section, we prove the following main result of this paper. 

3.3 Theorem. There exists a Chern character map 

(3.4) ch : K*{C* r {G)) -> HP*(S(G)) 

which is an isomorphism after tensoring over Z with C . 

Proof. For every compact open subgroup K of G the algebra S(G/ / K) 
is stable under holomorphic functional calculus, as follows from Mischenko's 
theorem (|3.2|). Moreover, each algebra S(G//K) is an m-convex Frechet 



algebra by Lemma |3~T|. Denote by C*(G//K) the closure of S(G//K) in 
the reduced C* algebra C* r {G) . Then S{G//K) is dense in C*{G//K). 
Thus the Cuntz-Quillen formula applies to give a Chern character 

ch K CQ : K*(S(G//K)) - HP*(S(G//K)) 

This Chern character then determines a map: 

ch K CQ : K*(C* r (G//K)) ~ K*(S(G//K)) - HP*{G//K) 

The C* -algebras C*(G//K) form a direct system whose C* -inductive limit 
is the reduced C*-algebra C*(G). We thus have a direct system of Chern 
characters c/t^g and we define 

c/i = lim c/i^ Q : K*(C*(G)) -> HP*(S(G)) 

We use here continuity of i^-theory and periodic cyclic homology with re- 
spect to direct limits which holds in this case 0, Theorem 6]. 



9 



We now prove that this character is an isomorphism after tensoring (over 
Z) with C. 



Relying on Mischenko's theorem stated in Lemma |3.1| we proved in 



that each algebra S(G/ / K) is Morita equivalent to a commutative algebra 
(3.5) S(G//K) M ~ ita 0C°°(X(M : K)) W{M) 

M 

where each direct summand is the algebra of invariant smooth functions on 
X(M : K) . 

Using this fact together with the compatibility of functors and HP* 
with algebra homomorphisms and Morita equivalence we see that, for every 
open subgroup K of G, there is the commutative diagram 

ch K 

K*(S(G//K)) HP*(S(G//K)) 

(3.6) 

M K*{C°°{X{M : K))) W M c -^5 M HP*(C™(X(M : K) W M)) 

Vertical arrows in this diagram are isomorphisms. The bottom arrow is the 
direct sum of Cuntz-Quillen Chern characters defined for each Levi subgroup 
M using formulae ( |2.1| ) and ( |2.2| ). The key step in our argument is to show 
that each of the components of the map at the bottom is an isomorphism 
after tensoring with C . 

This follows from the following geometric consideration. Let X be a 
compact jy-manifold, where If is a finite reflection group. There is the 
following commutative diagram 

K.(C°°(X)) c ^ HP*{C°°{X)) 



(3-7) K.(C°°{X)) c ^ H* dR {X) 



K m (C°°(X)) ^ H* AS {X). 



The top two rows form the commutative diagram of Proposition [2.6| . The 
bottom row introduces the Chern character with values in the Alexander- 
Spanier co homology H\ S (X) , which was constructed by Gorokhovsky for any 
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compact Hausdorff space [fL^] . Ghorokhovsky proves that his map coincides 



with the classical Chern character. In particular, it is a rational isomorphism 
by ||16|| . Moreover, when X is a compact smooth manifold, there is a natural 
isomorphism 

A : H* AS (X) -> H* R (X) 
which identifies the Alexander-Spanier cohomology with the de Rham coho- 



mogy It is shown in Jl2| that this map sends Gorokhovsky's Chern character 
to the Chern character known from the Chern- Weil theory. In other words, 
the bottom part of the above diagram commutes. 

It follows from the functorial properties of the theories involved that this 
diagram is compatible with diffeomorphisms of X ; in particular all maps are 
ly-maps. 

Let us now consider an idempotent e G Mk(C°°(X) w ) . For any w G W 
we have that w*[e] = [w*e] = [e] . For, if / is path-homotopic to e via a 
path e t of idempotents, then w*f is connected to w*e = e by the continuous 
path w*e t . Thus the .ff -class of e is invariant under the action of W . In 
the odd case, the class of an invertible matrix g G GLk{C ao {X) w ) constist 
of elements of this group which are homotopic to g. But the action of W 
sends invertible elements to invertible elements and if h is connected to g by 
a continuous path of invertibles, then the same is true about w*g = g and 
w*h. 

By functoriality, the image of K*(C°°(X) W ) under the Chern character 
map in each of the three cases must therefore be a submodule of the invariant 
part of the corresponding cohomology theory on the right. In other words, 
we have the following commutative diagram. 



K,(C°°(X) W ) C -^S HP*(C°°(X)) W 

I t lc 
K*(C°°(X) W ) c ^ H* dR (X) 



> 

\W\ cfe G TT* ( V\W 



k*(c°°(x) w ) ^ H* AS (xy 

The two vertical arrows on the right remain isomorphisms, since the original 
isomorphisms were compatible with the action of the group W . 

Since C°°(X) W holomorphically closed and dense in C(X) W the K- 
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theory of the two algebras is the same 



K*{C°°(X) W ) ~K*(C(X) W ). 

Furthermore, the isomorphism of C*-algebras C(X) W = C(X/W) gives 

K*(C(X) W ) = K # (C(X/W) = K*(X/W), 

where the last identity follows from the Serre-Swan theorem using the fact 
that X/W is a compact Hausdorff space. Thus we have established the 
isomorphism 

K*{C°°{X/W)) = K* (X/W). 

On the side of homology it is well known that H AS (X) W = H* AS (X/W) . On 
the other hand the result of Wassermann [23 , p. 238] gives that HP*{C°°(X) W ) 
H P»(C°° {X)) w . We thus have the following commutative diagram 

K*(C°°(X) W ) ^ HP m (C°°(X) w ) 

A~ 1 o/i 1 

K*(X/W) H* AS {X/W,C) 

in which the bottom map is the Chern character constructed by Gorokhovsky. 
Since Gorokhovsky's Chern character is the same as the classical Chern char- 
acter, the bottom map becomes an isomorphism after the left hand side has 
been tensored with C. Applying this reasoning to the situation described 
by the diagram |3.6| we see that the bottom arrow in that diagram is an 
isomorphism after tensoring with C . 

We have therefore proved that for every compact open subgroup K the 
map 

ch* Q : K*{C;{G//K)) ® z C -> HP*{S{G//K)) 
is an isomorphism. Passing to the limit we finish the proof of the Theorem. 



3.8 Remark. The result stated in Theorem |3.3| is crucial to the proof of 
the Baum-Connes conjecture given in 
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